The critical properties of the abelian Polyakov loop and the Polyakov loop in terms of Dirac string are studied in finite temperature abelian projected SU (2) QCD. We evaluate the critical point and the critical exponents from each Polyakov loop in the maximally abelian gauge using the finite-size scaling analysis. Abelian dominance in this case is proved quantitatively. The critical point of each abelian Polyakov loop is equal to that of the non-abelian Polyakov loop within the statistical errors. Also, the critical exponents are in good agreement with those from non-abelian Polyakov
I. INTRODUCTION
Abelian projected QCD has been studied extensively in recent years, for elucidating the mechanism of quark confinement [1, 2] . The abelian projection of QCD [3] is to perform a partial gauge-fixing such that the maximal abelian torus group remains unbroken. Abelian monopoles appear as a topological quantity in such a partial gauge fixing, so that QCD can be regarded as an abelian theory with electric charges and monopoles. 't Hooft conjectured that if the monopoles made Bose condensation, quarks could be confined due to dual Meissner effect [3] .
There are some evidences on lattices that the abelian theory in the maximally abelian (MA) gauge [4] well represents the long range properties of QCD:
1. Abelian Wilson loops composed of abelian link fields alone can reproduce the full (SU(2)) value of the string tension. Furthermore, the abelian Wilson loops written in terms of monopole currents also reproduce the value [5] [6] [7] [8] [9] [10] .
2. Polyakov loops written in terms of abelian fields and also in terms of Dirac strings of monopoles (monopole Polyakov loops) can reproduce the behavior of non-abelian Polyakov loops [11] . 3 . A monopole effective action can be calculated. The argument of the energy and the entropy indicates that QCD is in the monopole condensed phase [7, 12] .
These facts are usually called abelian (monopole) dominance in quark confinement and suggest that 't Hooft's conjecture [3] is realized in MA gauge. Figure 1 shows the non-abelian, the abelian and the monopole Polyakov loops versus β on 24 3 × 4 SU(2) lattice [11] . The abelian and the monopole Polyakov loops change drastically around the critical point β=2.29 determined from the non-abelian Polyakov loops. The abelian and the monopole Polyakov loops appear to be good order parameters. However, those curves seem to have different slopes. Their absolute values in the deconfinement phase are also different. Actually, those three, the non-abelian, the abelian and the monopole Polyakov loops are quite different operators.
The critical property of 4-dimensional SU(2) lattice gauge theory is shown to be universal to that of 3-dimensional Z 2 theory [13] . It is interesting to study what exponents are calculated from the abelian and the monopole Polyakov loops at each critical point, since Z 2 symmetry is not so directly understood in the framwork of monopole dynamics [14] and there is no reason the exponents of those different Polyakov loops agree with each other.
Such a study helps us also to test how good the abelian dominance is quantitatively. It is the aim of this work.
II. DEFINITION OF ABELIAN AND MONOPOLE POLYAKOV LOOPS
A non-abelian Polyakov loop in SU(2) lattice gauge theory is written in the form
where U µ (x, t) are SU(2) link variables at space x and at time t.
After abelian projection is over, we can define abelian Polyakov loops [6] written in terms of abelian link variables. The abelian link variables can be separated from gauge-fixed link variables
where U µ (x, t) is a gauge-fixed link variable. u µ (x, t) is a diagonal matrix composed of phase factors of the diagonal components of U µ (x, t). We can define an abelian Polyakov loop
Here J µ (x, t) = δ µ,4 δ x,x 0 and θ µ (x, t) are the angle variables of u µ (x, t):
The abelian Polyakov loop can be decomposed into two parts: a monopole part and a photon part [11] . An abelian field strength can be written as
where ∂ ν is a forward derivative. Rewriting this equation, we get
where ∂ ′ ν is a backward derivative and D(x, t) is a lattice Coulomb propagator which satisfies
Then the abelian Polyakov loop (Eq. (3)) can be written in terms of the abelian field strength:
Here the second term of Eq.(6) vanishes owing to ∂ 4 J 4 (x, t) = 0. The abelian field strength can be separated into two parts:
where n νµ is an integer andf νµ ∈ [−π, π). Then, rewriting Eq.(7), we get
× exp(−2πi
The monopole Polyakov loop, P mono (x 0 ) = Re P 1 (x 0 ) is composed of Dirac strings of monopoles. P photon (x 0 ) = Re P 2 (x 0 ) only contains the contributions from photons. Suzuki et al. [11] have indicated that
2. P abel (x 0 ), P mono (x 0 ) and P SU (2) (x 0 ) vanish for β < β c .
3. P photon is finite from β =2.1 to 2.5 and does not change drastically around the critical point.
III. FINITE-SIZE SCALING THEORY
We calculated the critical exponent of the non-abelian, the abelian and the monopole Polyakov loops from a finite-size scaling theory. The singular part of the free energy density on N 3 s × N t lattice has the following form: 
where L , χ and g r are order parameter, susceptibility and 4-th cumulant, respectively:
Expanding these equations with respect to x, we have at x = 0
where we take only the largest irrelevant exponents (−ω) into account. We can calculate the critical point from the fit to the N s -behavior of those equations. The critical point can be defined as the point where a fit to the leading N s -behavior has the least χ 2 [15] . Actually, the leading N s -behavior of Eq.(19) and of Eq. (20) is given by
From the fits to Eqs. (21), (22) and (23) 
The leading N s -behavior of each equation at the critical point is
Hence, (1 − β)/ν,(1 + γ)/ν and 1/ν can also be evaluated from the fits to those equations.
IV. RESULTS AND DISCUSSIONS
We performed numerical calculations on N The standard SU(2) Wilson action was adopted and abelian link valuables were defined in MA gauge. We calculated the observables
where P (x) denotes P SU (2) (x), P abel (x) and P mono (x). Actually, χ v = N 3 s L 2 was calculated instead of χ, because χ v is equal to χ below the critical point [15] . The values of the observables at various β are needed in order to calculate the derivatives with respect to x, where x = (β − β c )/β c . We used the density of state method(DSM) [16, 17] . First we performed Monte-Carlo simulations at β = β 0 , and then calculated the following averages:
where s is the value of the action, N(s) the number of the configurations whose action has the same value of s, and O k the observable obtained from the k-th configuration. The expectation value of the observables in the vicinity of β 0 is then given by
where β 0 =2.2988 was adopted and β ∈[2.2980, 2.3000]. L , χ and g r at β 0 were calculated every 50 sweeps after 2000 thermalization sweeps. The number of samples was 100000, except on 24 3 × 4 lattice (47000 in the case). The errors were determined according to the Jackknife method dividing the entire sample into 10 blocks (4 blocks on 24 3 × 4 lattice).
We estimated the critical point β c from the χ 2 method. The data of our DSM results were fitted to Eqs. (21)- (23) and Eqs. (27)- (29) at each β. The number of input data was 2 and that of fit parameters was 2 (ω in Eq.(21) was fixed to 1 in accordance with Engels et al. [15] ). Figure 2 describes the typical curves of χ 2 /N f versus β. Here the number of degrees of freedom, N f is 2. Each curve in Fig. 2 is smooth and has its minimum value. Table I 
The critical points obtained from the abelian and the monopole Polyakov loop are very close to the non-abelian critical point as expected from Fig. 1 . Table II lists the critical exponents on each critical point in the non-abelian, the abelian and the monopole case. The non-abelian exponents obtained by Engels et al. [15] , the exponents of 3-dimensional Ising model [13] and those of U (1 Engels et al. [15] . Table II shows the following notable results:
1. The critical exponents in the abelian and the monopole case are in agreement with non-abelian exponents within the statistical error.
2. Those critical exponents agree with those of Z 2 rather than those of U(1).
The abelian (monopole) dominance in quark confinement is proved quantitatively in this case.
There remain some problems to be studied further. The critical points obtained are outside the one-sigma error bar of Engels et al. [15] ; minimal χ 2 /N f were not seen for some fits; some values of χ QCD.
